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MIRROR PAIRS OF CALABI–YAU THREEFOLDS FROM
MIRROR PAIRS OF QUASI-FANO THREEFOLDS
NAM-HOON LEE
Abstract. We present a new construction of mirror pairs of Calabi–
Yau manifolds by smoothing normal crossing varieties, consisting of
two quasi-Fano manifolds. We introduce a notion of mirror pairs of
quasi-Fano manifolds with anticanonical Calabi–Yau fibrations using re-
cent conjectures about Landau–Ginzburg models. Utilizing this notion,
we give pairs of normal crossing varieties and show that the pairs of
smoothed Calabi–Yau manifolds satisfy the Hodge number relations of
mirror symmetry. We consider quasi-Fano threefolds that are some blow-
ups of Gorenstein toric Fano threefolds and build 6518 mirror pairs of
Calabi–Yau threefolds, including 79 self-mirrors.
1. Introduction
A Calabi–Yau manifold is a compact Ka¨hler manifold with trivial canon-
ical class such that the intermediate cohomologies of its structure sheaf are
all trivial (hi(M,OM ) = 0 for 0 < i < dim(M)). A K3 surface is a Calabi–
Yau twofold in this definition. Calabi–Yau manifolds have special places in
the classification of algebraic varieties and they are also among important
manifolds that have special holonomy.
To the eye-opening surprise of mathematicians, Calabi–Yau threefolds
happen to be compact factors of the spacetime on which physicists are build-
ing their physics theory. They have been investigating Calabi–Yau threefolds
in their own way. They found that different Calabi–Yau threefolds may give
rise to the same physics. Those manifolds are called mirror manifolds and
the relationship between them is called mirror symmetry. A mirror pair
(M,M◦) of Calabi–Yau threefolds is supposed to satisfy
h1,1(M) = h1,2(M◦), h1,2(M) = h1,1(M◦).(1.1)
One can say that the mirror symmetry for Calabi–Yau threefolds from
physics has impacts in the geometry of Calabi–Yau threefolds as follows.
• Seeming different two Calabi–Yau threefolds may be deeply related.
A mathematical problem on one can be translated into another prob-
lem on another which sometimes is simpler than the original one.
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• The mirror symmetry expects that Calabi–Yau threefolds exist as
pairs. Nowadays it is not an unreasonable question to ask what the
mirror partner for a certain Calabi–Yau threefold is.
Physicists constructed many Calabi–Yau threefolds as hypersurfaces in
weight projective spaces, which generates an almost symmetric plot of h1,1 − h1,2
vs. h1,1 + h1,2 ([8, 16]) and claimed that it is an evidence of mirror symme-
try. V. Batyrev generalized the construction and gave completely symmetric
mirror construction of Calabi–Yau threefolds as hypersurfaces in Goren-
stein toric Fano fourfolds, using the polar duality of reflexive 4-polytopes
and proving the Hodge number relation (1.1) ([5]). This construction has
inspired many researches from both of mathematics and physics.
In this paper, we suggest another systematic construction of mirror pairs
of Calabi–Yau threefolds by using the smoothing method. By smoothing,
we mean the reverse process of the semistable degeneration of a manifold to
a normal crossing variety. If a normal crossing variety is the central fiber
of a semistable degeneration of Calabi–Yau manifolds, it can be regarded
as a member in a deformation family of those Calabi–Yau manifolds. A
remarkable difference between two-dimensional cases of K3 surfaces and
higher dimensional cases is that there are multiple deformation types for
higher dimensional Calabi–Yau manifolds. So building a normal crossing
variety smoothable to a Calabi–Yau manifold can be regarded as building a
deformation type of Calabi–Yau manifolds. The construction by smoothing
is intrinsically up to deformation.
We consider the simplest case of smoothing where the normal crossing
variety is composed of two manifolds. Those two component manifolds will
be called quasi-Fano manifolds. We further assume that the anticanonical
linear systems of those quasi-Fano manifolds induce fibrations whose generic
fibers are Calabi–Yau manifolds of codimension one. Even in this simplest
case, building the mirror pairs of the smoothing of a normal crossing va-
riety is a challenging problem. A. Tyurin only vaguely suggested that the
mirror pair of a smoothing should come from the Landau–Ginzburg models
of components of the normal crossing variety in the very last part of his
posthumous paper ([25]).
Shortly after mirror symmetry was formulated as a duality between Calabi–
Yau manifolds, it was suggested that Fano manifolds also may exhibit mir-
ror symmetry. In this case, the mirror of a Fano manifold is not a com-
pact manifold, but rather a Landau–Ginzburg model, a non-compact man-
ifold equipped with a regular function called superpotential. Recently up
comes an interesting conjecture, claiming that the mirror of the Calabi–Yau
smoothing of a normal crossing variety may be topologically obtained by
gluing Landau–Ginzburg models of components of the normal crossing va-
riety ([10]). Also in [14], a conjectural Hodge number relation between a
variety and its Landau–Ginzburg model has been suggested. With these as
hints, we try to construct mirror partners of smoothings of normal crossing
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varieties. Our key idea is the realization that we may regard a quasi-Fano
manifold with anticanonical fibration as a compactification of a Landau–
Ginzburg model of another quasi-Fano manifold.
Roughly speaking, we regard a pair of quasi-Fano manifolds with anti-
canonical Calabi–Yau fibrations as a mirror pair, if each of them is a com-
pactification of the Landau–Ginzburg model of the other. After establishing
this notion, we define mirror pairs of normal crossing varieties, smoothable
to Calabi–Yau threefolds and show that those Calabi–Yau threefolds satisfy
the relation (1.1). It turns out that there is a deep connection between mir-
ror symmetry of quasi-Fano threefolds and mirror symmetry of K3 surfaces.
We consider quasi-Fano threefolds that are some blow-ups of Gorenstein
toric Fano threefolds and build 6518 mirror pairs of Calabi–Yau threefolds,
including 79 self-mirrors by smoothing. The tables for them are included in
a supplementary appendix ([22]).
The structure of this paper is as follows.
We start Section 2 by recalling some basic notions and definitions about
smoothing and reflexive polytopes. We construct a Calabi–Yau threefold
from a quasi-Fano threefold that is a blow-up of a Gorenstein toric Fano
threefold. This Gorenstein toric Fano threefold comes from a reflexive 3-
polytope.
In Section 3, we take our journey to find a mirror partner of the Calabi–
Yau threefold constructed in Section 2, using the conjectures regarding
Landau–Ginzburg models as hints. We will make some elementary observa-
tions about quasi-Fano manifolds and their Landau–Ginzburg models. We
will build a Calabi–Yau threefold by smoothing a normal crossing variety.
The components of the normal crossing variety are obtained by sequen-
tially blowing up another Gorenstein toric Fano threefold that comes from
the polar dual of the previous reflexive 3-polytope. We prove that these
Calabi–Yau threefolds satisfy the relation (1.1). Each of equivalence classes
of reflexive 3-polytopes gives a mirror pairs of Calabi–Yau threefolds. Hence
we obtain a big list of mirror pairs of Calabi–Yau threefolds, which are sum-
marized in Table 1 in [22].
In Section 4, motivated from our success in the previous sections, we define
a notion of mirror pairs of quasi-Fano threefolds. This definition utilizes the
conjectural Hodge number relations in [14] and the mirror symmetry of K3
surfaces in [9]. Then each of equivalence classes of reflexive 3-polytopes gives
a mirror pairs of quasi-Fano threefolds, which are also listed in Table 1 of
[22]. Those will be building blocks for the construction of more mirror pairs
of Calabi–Yau threefolds in Section 5. We also introduce other examples
of mirror pairs of quasi-Fano threefolds which come from non-symplectic
involutions on K3 surfaces.
We start Section 5 by introducing a notion of mirror pairs of normal
crossing varieties smoothable to Calabi–Yau threefolds. We prove a the-
orem, claiming that the expected relation (1.1) hold for the smoothing of
those pairs. Combining mirror pairs of quasi-Fano threefolds we obtained
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before, we give another large table of mirror pairs of Calabi–Yau threefolds,
including 79 self-mirrors. Those are listed in Table 2 of [22].
In Section 6, we give some plausible arguments that the examples of
Calabi–Yau threefolds constructed in the previous sections are different from
the Calabi–Yau threefolds that are desingularizations of anticanonical sec-
tions of Gorenstein toric Fano fourfolds ([5, 19]). We pick up a particular
example of Calabi–Yau threefolds and show that it is not homeomorphic to
any of those from toric Fano fourfolds.
Section 7 is devoted to some discussion on the higher dimensional gen-
eralization of notions from the previous sections. We suggest a definition
of a mirror pair of higher dimensional quasi-Fano manifolds and prove a
topological mirror relation.
In Section 8, we discuss quasi-Fano manifolds with anticanonical fibrations
that do not have quasi-Fano manifolds as their mirror partners.
Rigorously speaking, the pairs of Calabi–Yau manifolds constructed in
this paper are conjectural because we only check the Hodge number rela-
tions of mirror symmetry. However seeing that ingredients from Landau–
Ginzburg models, mirror symmetry of K3 surfaces and mirror symmetry
of Calabi–Yau manifolds are merged very naturally to produce expected
results, we expect that they are genuine mirror pairs.
2. The Calabi–Yau threefold ΞX∆
We start with defining basic terminologies.
Definition 2.1. A quasi-Fano manifold X is a smooth projective variety
whose anticanonical linear system | −KX | contains a Calabi–Yau manifold
and
hi(X,OX ) = 0
for i > 0.
We denoted the Calabi–Yau manifold by DX . If a generic element of
| −KX | is smooth, then DX will be referred to one of those generic ones.
Let
PicX(DX) = i∗(Pic(X)) ⊂ Pic(DX)
and αX = rkPicX(DX) be the rank of the group PicX(DX), where i : DX →֒
X is the inclusion map. Note that PicX(DX) is a subgroup of H
2(DX ,Z).
If the normal bundle NDX/X to DX in X is trivial, then the anticanonical
linear system |DX | induces a fibration (to be called anticanonical fibration)
WX : X → P
1
with W
−1
X (∞) = DX and X is said to have an anticanonical Calabi–Yau
fibration.
Let X = X1 ∪X2 be a variety that is composed of two smooth varieties
X1,X2. X is called a normal crossing variety if, near any point p ∈ X1∩X2,
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Y is locally isomorphic to
{(x0, x1, · · · , xn) ∈ C
n+1|xn−1xn = 0}
with p corresponding to the origin in Cn+1. Note that the variety DX :=
X1 ∩ X2 is smooth. Suppose that there is a proper map ψ : X → B from
a Ka¨hler manifold X onto the unit disk B = {t ∈ C|‖t‖ ≤ 1} such that
the fiber Xt = ψ
−1(t) is a smooth manifold for every t 6= 0 and X0 = X .
We say that X is a semistable degeneration of a smooth threefold M = Xt
( t 6= 0) and that M is a semistable smoothing (simply smoothing) of X .
Consider a normal crossing variety X = X1 ∪ X2 of quasi-Fano manifolds
X1,X2 such that DX = X1 ∩X2 is an anticanonical section of both X1,X2.
If X is projective and the bundle
NDX /X1 ⊗NDX /X2
onDX is trivial (called d-semistability), then X is smoothable to Calabi–Yau
manifold MX (Theorem 4.2, [15]).
For dimension three, the Hodge numbers of MX are given by (Corollary
8.2, [21]):
(2.1)
{
h1,1(MX ) = h
1,1(X1) + h
1,1(X2)− αX − 1,
h1,2(MX ) = h
2,1(MX ) = 21 + h
1,2(X1) + h
1,2(X2)− αX ,
where
αX = rk (PicX1(DX ) + PicX2(DX )) .
LetXi be a quasi-Fano manifold with a smooth anticanonical sectionDXi for
each i = 1, 2. If DX1 and DX2 are isomorphic, one can make a d-semistable
normal crossing variety X1 ∪D X2 by gluing along DX1 , DX2 .
Let X be a quasi-Fano manifold with the anticanonical fibration
WX : X → P
1
with W
−1
X (∞) = DX . Prepare two copies X1,X2 (denote the copy in Xi of
DX by DXi) of X and make a normal crossing variety X = X1 ∪D X2 (also
to be denoted by X ∪D X), where ‘∪D’ means gluing X1,X2 along DX1 ,
DX2 . It is easy to see that X is projective and d-semistable. Hence it is
smoothable to a Calabi–Yau manifoldMX , which will be denoted by ΞX . In
fact, one can construct ΞX as a branched double cover over X but we will
keep this point of view of smoothing for the time being and we will come
back to this point later in Section 7.
We recall some notations from toric geometry. An integral polytope ∆
in Rn is a convex hull of finitely many integral points (points with integer
coordinates). If, for integral polytopes ∆1,∆2, there is a Z
n-preserving
affine transformation σ satisfying ∆2 = σ(∆1), then ∆1, ∆2 are said to be
equivalent. For a set A ⊂ Rn, it polar dual A∨ is defined by
A∨ = {u ∈ Rn|u · v ≤ −1 for any v ∈ A},
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where ‘.’ is the standard inner product in Rn. An integral polytope ∆ ⊂ Rn
is called a reflexive n-polytope if (0, · · · , 0) is in the interior of ∆ and its
polar dual ∆∨ is also a lattice polytope. We denote ∆∨ by ∆◦. For a face
Γ of ∆, l(Γ) and l∗(Γ) are the numbers of integral points in Γ and in the
relative interior of Γ respectively. We let ∆[k] be the set of k-dimensional
faces of ∆. For each Γ ∈ ∆[k], let Γ◦ = Γ∨ ∩ ∆◦, which is a (n − k − 1)-
dimensional face of ∆◦. This gives a one-to-one correspondence between
faces of ∆ and those of ∆◦, reversing the incidence relation of the faces.
For a fan Σ in Rn, we denote by X(Σ) the associated toric variety and
let Σ[1] be the set of primitive ray generators of Σ. Hence Σ[1] is a set of
integral points.
For a reflexive polytope ∆, we denote by P(∆) the toric variety that is
associated with the fan consisting of cones over all the proper faces over ∆ —
this is different from notations in [5]. It is known that P(∆) is a Gorenstein
toric Fano variety. Fix a fan Σ∆, consisting of cones over simplices in ∂∆ in
a maximal coherent triangulation of ∆. A maximal coherent triangulation
is defined and proved to exist in [12]. Note Σ∆[1] = ∂∆ ∩ Z
n. The toric
variety X(Σ∆), which is projective, is called a maximal partial projective
crepant desingularization of P(∆) ([5]).
For a fan Σ, a reflexive polytope ∆ and a quasi-Fano manifold X, we
summarize our notations, including ones to be defined:
• X(Σ) is the associated toric variety of Σ.
• Σ[1] is the set of primitive ray generators of the fan Σ.
• ∆[k] is the set of k-dimensional faces of ∆.
• For a face Γ of a polytope, l(Γ) = |Γ ∩ Zn| is the number of integral
points in Γ.
• l∗(Γ) is the number of integral points in the relative interior of Γ.
• P(∆) is the Gorenstein toric Fano variety that is associated with the
fan consisting of cones over all the proper faces over ∆.
• Σ∆ is a fan consisting of cones over a maximal projective triangula-
tion of ∆. Σ∆[1] = ∂∆ ∩ Z
n.
• X(Σ∆) is a toric variety associated with the fan Σ∆. It is a maximal
partial projective crepant desingularization of P(∆).
• DX is a (generic) smooth anticanonical section of X.
• PicX(DX) = i∗(Pic(X)), where i : DX →֒ X is the inclusion.
• αX = rkPicX(DX).
• X∆ is the blow-up ofX(Σ∆) along a smooth curve c ∈
∣∣∣−KX(Σ∆)|DX(Σ∆)
∣∣∣.
• Y∆ is the sequential blow-up of X(Σ∆) along the smooth irreducible
curves c1, c2, · · · , · · · , ck (p. 12).
• X1 ∪D X2 is the normal crossing variety of quasi-Fano manifolds
X1,X2, made by gluing along their isomorphic smooth anticanonical
sections.
• MX is a smoothing of a normal crossing variety X = X1 ∪X2.
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• X ∪D X is a normal crossing variety, made by gluing two copies of
X along the two copies of DX .
• ΞX =MX for X = X ∪D X.
• WX : X
∗ → C is a Landau–Ginzburg model from an anticanonical
fibration WX : X → P
1, where X∗ = X − DX , WX = WX |X∗ (p.
9).
• Z∆ = X∆ ∪D Y∆ (p. 19).
For dimension three, there are 4319 equivalence classes of reflexive 3-
polytopes ([18]) and a maximal partial projective crepant desingularization
X(Σ∆) of P(∆) is always smooth ([5]). The following lemma will be used
several times.
Lemma 2.2. For a reflexive 3-polytope ∆,
3!vol(∆) = 2l(∆)− 6
and
l(∆) + l(∆◦) +
∑
θ∈∆[1]
l∗(θ)l∗(θ◦)−
∑
v∈∆[0]
l∗(v◦)−
∑
Γ∈∆[2]
l∗(Γ) = 28.
Proof. The first equality is well-known with the following basic property of
reflexive 3-polytope (see, for example, [13]):∑
θ∈∆[1]
(l∗(θ) + 1)(l∗(θ◦) + 1) = 24.
Combining this with
l(∆) =
∑
Γ∈∆[2]
l∗(Γ) +
∑
θ∈∆[1]
l∗(θ) + |∆[0]|+ 1,
l(∆◦) =
∑
v∈∆[0]
l∗(v◦) +
∑
θ∈∆[1]
l∗(θ◦) + |∆[2]|+ 1(2.2)
and the Euler formula
|∆[0]| − |∆[1]|+ |∆[2]| = 2,
we have the second equality. 
Choose a generic smooth K3 surface DX(Σ∆) from the linear system
| −KX(Σ∆)|. Let X∆ → X(Σ∆) be the blow-up along a smooth curve c
in the linear system | −KX(Σ∆)|DX(Σ∆) | and DX∆ be the proper transform
of DX(Σ∆). Then X∆ is a quasi-Fano threefold that has an anticanonical
fibration
WX∆ : X∆ → P
1
with W
−1
X∆(∞) = DX∆ . We obtain a Calabi–Yau threefold ΞX∆ by smooth-
ing X∆ ∪D X∆. From (2.1), the Hodge numbers of ΞX∆ are given by
h1,1(ΞX∆) = 2h
2(X∆)− 1− αX∆
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and
h1,2(ΞX∆) = 21 + h
3(X∆)− αX∆ .
Firstly,
h2(X∆) = h
2(X(Σ∆)) + 1 = l(∆)− 3.
Recall Σ∆[1] = ∂∆ ∩ Z
3. So an integral point v of ∂∆ corresponds to a
torus invariant divisor Dv of X(Σ∆). If v lies in a relative interior of a face
(codimension one) of ∆, Dv does not meet with DX∆ . Let G be a subgroup
of Pic(X(Σ∆)) that is generated by Dv’s, where v does not lie in a relative
interior of a face of ∆. One can show that the map G → Pic(DX(Σ∆)) is
injective (§2, [3]). Hence
αX∆ = αX(Σ∆) = rkG = l(∆)−
∑
Γ∈∆[2]
l∗(Γ)− 4.
On the other hand, we have
h3(X∆) = h
3(X(Σ∆))+h
1(c) = 0+(−K3X(Σ∆))+2 = (−K
3
P(∆))+2 = 3!vol(∆
◦)+2
because X(Σ∆)→ P(∆) is a crepant resolution.
Therefore
h1,1(ΞX∆) = 2h
2(X∆)− 1− αX∆
= 2(l(∆)− 3)− 1−

l(∆)− ∑
Γ∈∆[2]
l∗(Γ)− 4


= l(∆) +
∑
Γ∈∆[2]
l∗(Γ)− 3
and
h1,2(ΞX∆) = 21 + h
3(X∆)− αX∆
= 21 + 3!vol(∆◦) + 2−

l(∆)− ∑
Γ∈∆[2]
l∗(Γ)− 4


= 3!vol(∆◦)− l(∆) +
∑
Γ∈∆[2]
l∗(Γ) + 27.
3. Mirror of ΞX∆
Our next goal is to find a mirror partner of the Calabi–Yau threefold
ΞX∆. One may apply the procedures in the previous section to the polar
dual ∆◦ of the reflexive polytope ∆ and construct a Calabi–Yau threefold
ΞX∆◦ . But one can check immediately that the relation (1.1) does not hold
for ΞX∆ , ΞX∆◦ . Hence this naive try does not work.
Recent conjectures about Landau–Ginzburg model give some hints for
finding the mirror partner. A Landau–Ginzburg model is a pair (Z,W ),
where Z is a quasi-projective manifold and W : Z → C is a fibration (called
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superpotential ) whose generic fiber is a Calabi–Yau manifold of codimension
one.
In [10] (and also in [4] for simpler case), an interesting conjecture has
been made:
Let M be a Calabi–Yau manifold and suppose that M admits a degenera-
tion to a union X1∪X2 of two quasi-Fano varieties glued along an anticanon-
ical hypersurface. It mirror partner M◦ can be constructed topologically by
gluing together the Landau–Ginzburg models (Z1,W1) and (Z2,W2) of X1
and X2 respectively.
Let X = X∆ for notational generality. Note that ΞX is a smoothing of a
normal crossing variety X1 ∪D X2 of X1, X2 which are copies of X. Note
DXi = X1∩X2 for each i. We have an anticanonical fibrationWXi : Xi → P
1
withW
−1
Xi = DXi . Let X
∗
i = Xi−DXi and consider the mapWXi : X
∗
i → C,
where WXi = WXi |X∗i . Regarding the above conjecture, we observe the
following:
(1) Topologically ΞX can be made by gluing the open ends of X
∗
1 ,X
∗
2 (
[25]).
(2) The fibration Wi : X
∗
i → C can be regarded as a superpotential of a
Landau–Ginzburg model.
Following the line of thoughts in the conjecture, we boldly assume that the
mirror partner (ΞX)
◦ of ΞX is a semistable smoothing of a normal cross-
ing variety Y1 ∪ Y2 of quasi-Fano threefolds Y1, Y2 and that (X
∗
1 ,WX1) and
(X∗2 ,WX2) are Landau–Ginzburg models of Y1, Y2 respectively.
Since X1,X2 are the same copies of X, we expect that Y1, Y2 are also
copies of a single quasi-Fano manifold Y with a smooth anticanonical section
DY . For the generality of discussion, let us not restrict the dimension n =
dimY to be three. The fact that Y1 ∪D Y2 is d-semistable implies that the
normal bundle NDY /Y on DY is trivial. So anticanonical linear system of Y
induces a fibration W Y : Y → P
1 with W
−1
Y (∞) = DY . We note that the
map
WY : Y
∗ → C
also can be viewed as a superpotential of a Landau–Ginzburg model, where
Y ∗ = Y −DY and WY =W Y |Y ∗ . Noting that (ΞX)
◦ = ΞY can be topolog-
ically made by gluing the open ends of Y ∗1 , Y
∗
2 , it is reasonable to conclude
that (Y ∗1 ,WY1) and (Y
∗
2 ,WY2) are Landau–Ginzburg models of X1,X2 re-
spectively. In sum, we speculate:
If (X∗,WX) is a Landau–Ginzburg model of Y and (Y
∗,WY ) is a Landau–
Ginzburg model of X, then (ΞX ,ΞY ) is a mirror pair of Calabi–Yau mani-
folds.
In order to find out the quasi-Fano manifold Y , we need more information
about it. A conjectural Hodge number relation, suggested in [14], is relevant
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to this task. The authors in [14] conjecture that if (X∗,WX) is a Landau–
Ginzburg model of Y , then the following holds ((3.1.3), [14]):
ha+n(X∗,W−1X (t)) =
∑
p−q=a
hp,q(Y ),(3.1)
where t is a generic point in the image of WX and n = dimX. If (Y
∗,WY )
is a Landau–Ginzburg model of X, it becomes
ha+n(Y ∗,W−1Y (t)) =
∑
p−q=a
hp,q(X).(3.2)
These two equations imply relations in topological Euler characteristics
χ(X∗,W−1X (t)) = (−1)
nχ(Y ), χ(Y ∗,W−1Y (t)) = (−1)
nχ(X).
From the pair (Y ∗,W−1Y (t)), we have an exact sequence
· · · → H i(Y ∗,W−1Y (t)))→ H
i(Y ∗)→ H i(W−1Y (t)))→ · · · ,
which gives a relation of topological Euler characteristic:
χ(Y ∗) = χ(Y ∗,W−1Y (t))) + χ(W
−1
Y (t))).
Similarly we have
χ(X∗) = χ(X∗,W−1X (t))) + χ(W
−1
X (t))).
Note also χ(Y ) = χ(Y ∗) + χ(DY ), χ(X) = χ(X
∗) + χ(DX). Combining
these equations, we have
(3.3)


1− (−1)n
2
· (χ(X) + χ(Y )) = χ(DX) + χ(DY ),
1 + (−1)n
2
· (χ(X)− χ(Y )) = χ(DX)− χ(DY ),
which implies
χ(DX) = (−1)
n−1χ(DY ).(3.4)
Note dimDX = dimDY = n− 1. So this suggests that (DX ,DY ) should be
a mirror pair of Calabi–Yau manifolds.
Assume n = 3. In the natural map H2(DY )→H2(Y ), we have
dimH2(DY ) = dimker(H2(DY )→H2(Y )) + dim im(H2(DY )→H2(Y )).
and, by Poincare´ duality,
dim im(H2(DY )→H2(Y )) = dim im(H
2(Y )→H2(DY )) = αY ,
which implies
dimker(H2(D)→ H2(Y )) = h
2(DY )− αY .
From the pair (Y,DY ), we have an exact sequence
0 = H3(DY )→ H3(Y )→ H3(Y,DY )→ H2(DY )→ H2(Y )→ · · · ,
which implies
h3(Y,DY ) = h3(Y ) + dimker(H2(D)→ H2(Y )) = h
3(Y ) + h2(DY )− αY .
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From the pair (Y ∗,W−1Y (t)), we have an exact sequence
0 = H2(W−1Y (t))→ H
2(Y ∗,W−1Y (t))→ H
2(Y ∗)→ H2(W−1Y (t))
→ H3(Y ∗,W−1Y (t))→ H
3(Y ∗)→ H3(W−1Y (t)) = 0,
which implies
h2(Y ∗,W−1Y (t)) + h
2(W−1Y (t)) + h
3(Y ∗) = h2(Y ∗) + h3(Y ∗,W−1Y (t)).
By Lefschetz duality, h3(Y,DY ) = h
3(Y ∗) and Equation (3.2) implies
h2(Y ∗,W−1Y (t)) = h
2,1(X), h3(Y ∗,W−1Y (t)) = 2 + 2h
1,1(X).
Combining theses, finally we have
h3(Y ) + h2(D)− αY = 2h
1,2(Y )− h2(Y ) + h1,2(X) + 23.
i.e.
αY = h
2(Y )− h1,2(X) − 1.(3.5)
Using the assumption that (Y ∗,WY ) is also a Landau–Ginzburg model of
X, we have
αX = h
2(X)− h1,2(Y )− 1.(3.6)
Finally, together with (3.3), we have
αX + αY = 20.(3.7)
Now let us come back to the problem of finding a mirror partner of ΞX∆ .
For our previous X∆◦ , we have
αX∆ + αX∆◦ ≤ 20,
which may not comply with (3.7) in general and (3.5), (3.6) do not hold.
Instead one can show
αX∆ + Pic(DX∆◦ ) = 20,
using Pic(DX∆◦ ) ≃ Pic(DX(Σ∆◦ )) and results in [24].
Note that PicX∆◦ (DX∆◦ ) is a sublattice of Pic(DX∆◦ ). Let us investigate
which classes of Pic(DX∆◦ ) are missing in PicX∆◦ (DX∆◦ ). For v ∈ ∂∆
◦∩Z3,
let Dv be the corresponding torus invariant divisor of X(Σ∆◦). Then the
intersection Dv∩DX(Σ∆◦) may not be irreducible if v is a point of the relative
interior of an edge θ of ∆◦. So some classes in Pic(DX∆◦ ) that come from
components of Dv ∩ DX(Σ∆◦) may not come from classes in Pic(X∆◦) —
these are the missing classes we are looking for. Hence we need to do some
natural birational operation to X(Σ∆◦) to obtain a quasi-Fano threefold Y∆◦
such that
(1) PicY∆◦ (DY∆◦ ) ≃ Pic(DX(Σ∆◦ )) (≃ Pic(DX∆◦ )),
(2) The normal bundle NDY∆◦ /Y∆◦
is trivial,
(3) The equations (3.5), (3.6) hold for X∆, Y∆◦ .
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One of the solutions would be to blow up sequentially X(Σ∆◦) along all
the irreducible curves c1, c2, · · · , ck such that∑
v∈∂∆◦∩Z3
Dv ∩DX(Σ∆◦ ) = c1 + c2 + · · · + ck.
Let Y (1) → X(Σ∆◦) be the blow-up along c1 and D
(1) be the proper trans-
form of DX(Σ∆◦ ). Since the blow-up center c1 lies on DX(Σ∆◦ ), D
(1) is
isomorphic to DX(Σ∆◦ ). So D
(1) contains copies of c1, c2, · · · , ck. We denote
them by c
(1)
1 , c
(1)
2 , · · · , c
(1)
k . We construct Y
(2), Y (3), · · · , Y (k) inductively as
follows. Let Y (l+1) → Y (l) be the blow-up along c
(l)
l+1 and D
(l+1) be the
proper transform of D(l). Since the blow-up center c
(l)
l+1 lies on D
(l), D(l+1)
is isomorphic to D(l). So D(l+1) contains copies of c
(l)
1 , c
(l)
2 , · · · , c
(l)
k . We
denote them by c
(l+1)
1 , c
(l+1)
2 , · · · , c
(l+1)
k . Let Y∆◦ = Y
(k). We denote the
composite of the above blow-ups by Y∆◦ → X(Σ∆◦).
It is easy to check that
PicY∆◦ (DY∆◦ ) ≃ Pic(DX(Σ∆◦ ))
and the normal bundle NDY∆◦ /Y∆◦
is trivial.
Note
αY∆◦ = αX(Σ∆◦ ) +
∑
θ∈∆◦[1]
(l(θ)− 2)(l(θ◦)− 1− 1)
= l(∆◦)− 4−
∑
Γ∈∆◦[2]
l∗(Γ) +
∑
θ∈∆◦[1]
(l(θ)− 2)(l(θ◦)− 2)
= l(∆◦)−
∑
v∈∆[0]
l∗(v◦) +
∑
θ∈∆[1]
l∗(θ◦)l∗(θ)− 4.
Hence we have
αX∆ + αY∆◦ =

l(∆)− ∑
Γ∈∆[2]
l∗(Γ)− 4

+

l(∆◦)− ∑
v∈∆[0]
l∗(v◦) +
∑
θ∈∆[1]
l∗(θ◦)l∗(θ)− 4


= 20,
where Lemma 2.2 was used. So we explicitly checked that (3.7) is satisfied.
We have
k = |∆◦[0]| +
∑
θ∈∆◦[1]
(l(θ)− 2)(l(θ◦)− 1)
= |∆[2]|+
∑
θ∈∆[1]
(l(θ◦)− 2)(l(θ)− 1)
= |∆[2]|+
∑
θ∈∆[1]
l∗(θ◦)l∗(θ) +
∑
θ∈∆[1]
l∗(θ◦).
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Note
h2(Y∆◦) = h
2(X(Σ∆◦) + k
= l(∆◦) + |∆[2]| +
∑
θ∈∆[1]
l∗(θ◦)l∗(θ) +
∑
θ∈∆[1]
l∗(θ◦)− 4.
Let g(ci) be the genus of ci, then
h3(Y∆◦) = h
1(X(Σ∆◦))+
∑
i
h1(ci) = 2
∑
i
g(ci) = 2
∑
v∈∆◦[0]
l∗(v◦) = 2
∑
Γ∈∆[2]
l∗(Γ).
Now one can check that (3.5), (3.6) hold for X∆, Y∆◦.
Let us build a Calabi–Yau threefold ΞY∆◦ from Y∆◦ and calculate the
Hodge numbers of ΞY∆◦ . Firstly,
h1,1(ΞY∆◦ ) = 2h
2(Y∆◦)− 1− αY∆◦
= 2

l(∆◦) + |∆[2]|+ ∑
θ∈∆[1]
l∗(θ◦)l∗(θ) +
∑
θ∈∆[1]
l∗(θ◦)− 4

− 1
−

l(∆◦)− ∑
v∈∆[0]
l∗(v◦) +
∑
θ∈∆[1]
l∗(θ◦)l∗(θ)− 4


= l(∆◦) + 2|∆[2]| +
∑
θ∈∆[1]
l∗(θ◦)l∗(θ) + 2
∑
θ∈∆[1]
l∗(θ◦) +
∑
v∈∆[0]
l∗(v◦)− 5
and
h1,2(ΞY∆◦ ) = 21 + h
3(Y∆◦)− αY∆◦
= 21 + 2
∑
Γ∈∆[2]
l∗(Γ)−

l(∆◦)− ∑
v∈∆[0]
l∗(v◦) +
∑
θ∈∆[1]
l∗(θ◦)l∗(θ)− 4


= 25 + 2
∑
Γ∈∆[2]
l∗(Γ)− l(∆◦) +
∑
v∈∆[0]
l∗(v◦)−
∑
θ∈∆[1]
l∗(θ◦)l∗(θ).
Now we confirm the Hodge number mirror relation (1.1) for ΞX∆, ΞY∆◦ .
Theorem 3.1.
h1,1(ΞX∆) = h
1,2(ΞY∆◦ ) and h
1,2(ΞX∆) = h
1,1(ΞY∆◦ ).
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Proof. Firstly,
h1,1(ΞX∆)− h
1,2(ΞY∆◦ ) =

l(∆) + ∑
Γ∈∆[2]
l∗(Γ)− 3


−

25 + 2 ∑
Γ∈∆[2]
l∗(Γ)− l(∆◦) +
∑
v∈∆[0]
l∗(v◦)−
∑
θ∈∆[1]
l∗(θ◦)l∗(θ)


= l(∆)−
∑
Γ∈∆[2]
l∗(Γ) + l(∆◦)−
∑
v∈∆[0]
l∗(v◦) +
∑
θ∈∆[1]
l∗(θ◦)l∗(θ)− 28
= 0,
where Lemma 2.2 was used.
Secondly
h1,2(ΞX∆)− h
1,1(ΞY∆◦ ) = 3!vol(∆
◦)− l(∆) +
∑
Γ∈∆[2]
l∗(Γ) + 27
−

l(∆◦) + 2|∆[2]| + ∑
θ∈∆[1]
l∗(θ◦)l∗(θ) + 2
∑
θ∈∆[1]
l∗(θ◦) +
∑
v∈∆[0]
l∗(v◦)− 5


= l(∆◦)− l(∆) +
∑
Γ∈∆[2]
l∗(Γ) + 26− 2|∆[2]| −
∑
θ∈∆[1]
l∗(θ◦)l∗(θ)
− 2
∑
θ∈∆[1]
l∗(θ◦)−
∑
v∈∆[0]
l∗(v◦)
= −l(∆◦)− l(∆) +
∑
Γ∈∆[2]
l∗(Γ) + 28
−
∑
θ∈∆[1]
l∗(θ◦)l∗(θ) +
∑
v∈∆[0]
l∗(v◦) (∵ (2.2 ))
= 0,
where Lemma 2.2 was used again.

Let us take an example.
Example 3.2. Consider a reflexive 3-polytope ∆ whose vertices are
(1, 0, 0), (0, 1, 0), (0, 0, 1), (−4,−4,−3).
This reflexive polytope ∆ gives the quasi-Fano threefold X∆ with
h2(X∆) = 6, h
3(X∆) = 38, αX∆ = 4
and its polar dual gives another quasi-Fano threefold Y∆◦ with
h2(Y∆◦) = 36, h
3(Y∆◦) = 2, αY∆◦ = 16.
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The Hodge numbers of the pair (ΞX∆ ,ΞY∆◦ ) of resulted Calabi–Yau three-
folds are
h1,1(ΞX∆) = 7, h
1,2(ΞX∆) = 55, h
1,1(ΞY∆◦ ) = 55, h
1,2(ΞY∆◦ ) = 7.
For 4319 equivalence classes of reflexive 3-polytopes, we give all the Hodge
numbers of the pairs of (ΞX∆ ,ΞY∆◦ )’s in Table 1 of [22].
4. Mirror pairs of quasi-Fano threefolds
Now we have many examples of X∆, Y∆◦ which give pairs of Calabi–Yau
threefolds (ΞX∆ ,ΞY∆◦ )’s satisfying the relation (1.1). All the pairs (X∆, Y∆◦)
satisfy
αX∆ + αY∆◦ = 20.
It seems that more delicate structure is involved — mirror symmetry for
lattice polarized K3 surfaces.
Let L be an even non-degenerate lattice of signature (1, t−1), 1 ≤ t ≤ 19.
An L-polarized K3 surface is a pair (S, j) where S is a K3 surface and
j : L→ Pic(S) is a primitive lattice embedding. One can construct a moduli
space K3L, parametrizing L-polarized K3 surfaces, which has dimension
20− t. Suppose that there is another lattice L◦ such that
L⊥ ∩H2(S,Z) ≃ U ⊕ L◦,
where U is the hyperbolic lattice. The moduli space K3L◦ is defined as a
mirror of K3L in [9] and the pair (K3L,K3L◦) of moduli spaces was shown
to have properties analogous to those of mirror symmetry of Calabi–Yau
threefolds. The lattice pair (L,L◦) is called a K3-mirror pair of lattices and
we have
rkL+ rkL◦ = 20.
In [24], it is noticed that(
PicX(Σ∆)
(
DX(Σ∆)
)
,Pic
(
DX(Σ∆◦ )
))
is a K3-mirror pair of lattices. Note
PicX∆(DX∆) ≃ PicX(Σ∆)(DX(Σ∆)),PicY∆◦ (DY∆◦ ) ≃ Pic(DX(Σ∆◦ )).
Hence,
the pair
(
PicX∆(DX∆),PicY∆◦ (DY∆◦ )
)
of lattices is a K3-mirror pair.
This indicates that there are some connections between the mirror symme-
tries for K3 surfaces and quasi-Fano threefolds. For a quasi-Fano threefold
X whose anticanonical map is a K3-fibration, not all PicDX (DX)-polarized
K3 surfaces appear as an anticanonical section of X — the anticanonical
linear system | − KX | is just a pencil and so too small to contain all such
K3 surfaces. Instead it is expected that a generic PicDX (DX)-polarized K3
surface may appear as an anticanonical section of some deformation of X.
With all these properties, it seems reasonable to call (X∆, Y∆◦) a mirror
pair of quasi-Fano threefolds. A proper definition would be made by using
Landau–Ginzburg models like:
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Statement 4.1. A pair (X,Y ) of quasi-Fano manifolds whose anticanonical
maps are Calabi–Yau fibrations WX ,W Y respectively is called a mirror pair
if (X∗,WX) is a Landau–Ginzburg model of Y and (Y
∗,WY ) is a Landau–
Ginzburg model of X.
However, we do not know what Landau–Ginzburg models of quasi-Fano
manifolds exactly mean yet. So we take the following as a (probably tem-
porary) definition for three-dimensional case, collecting the properties the
pairs (X∆, Y∆◦) satisfy.
Definition 4.2. A pair (X,Y ) of quasi-Fano threefolds whose anticanonical
maps are K3-fibrations is called a mirror pair if
(PicX(DX),PicY Y (DY ))
is a K3-mirror pair of lattices and
αX = h
2(X) − h1,2(Y )− 1, αY = h
2(Y )− h1,2(X) − 1,
where DX , DY are generic smooth anticanonical sections of X, Y respec-
tively.
It would be a very interesting question how Statement 4.1 and Definition
4.2 are related. Some theorems, justifying Definition 4.2 even further, will
be presented, including the following proposition.
Proposition 4.3. Let (X,Y ) be a mirror pair of quasi-Fano threefolds and
consider Calabi–Yau threefolds ΞX , ΞY from them. Then
h1,1(ΞX) = h
1,2(ΞY ), h
1,2(ΞX) = h
1,1(ΞY ).
Proof.
h1,1(ΞX) = 2h
2(X)− 1− αX
= 2(αX + h
1,2(Y ) + 1)− 1− αX
= αX + 2h
1,2(Y ) + 1
= 20− αY + 2h
1,2(Y ) + 1
= h1,2(ΞY )
and similarly
h1,2(ΞX) = 21 + h
3(X)− αX = −αY + 2h
2(Y )− 1 = h1,1(ΞY ).

Let us give more examples of mirror pairs of quasi-Fano threefolds other
than those from toric varieties. They come from non-symplectic involutions
on K3 surfaces.
An involution ρ of a K3 surface S is called non-symplectic if ρ∗(ω) = −ω
for each w ∈ H2,0(S). Let Hρ(S,Z) be the invariant sublattice of H2(S,Z)
by ρ∗. Non-symplectic involutions can be classified by their invariant lattices
and there are 75 isomorphic classes of such invariant lattices ([23]), which will
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be called non-symplectic involution lattices. If two non-symplectic involu-
tions ρ1, ρ2 on K3 surfaces S1, S2 respectively have the isomorphic invariant
lattices, the pairs (S1, ρ1), (S2, ρ2) are known to be a deformation of each
other. For a non-symplectic involution lattice L, a generic element of K3L
has a non-symplectic involution whose invariant lattice is L.
Fix a non-symplectic involution lattice L whose orthogonal complement
in the K3 lattice contains a hyperbolic lattice and choose a generic K3
surface S from K3L that has a non-symplectic involution ρ whose invariant
lattice is L. The fixed locus of ρ is a disjoint union of smooth curves. Let
ι : P1 → P1 be involution fixing two distinct points. Let Vρ be the blow-up
of the quotient (S × P1)/(ρ, ι) along its singular locus. One can check that
Vρ is smooth and it is a quasi-Fano threefold with anticanonical K3 fibration
with generic fiber DVρ isomorphic to S (see §4 in [17] for the details of the
construction). It is also easy to see
PicVρ(DVρ) = L.
It is known that L◦ is also a non-symplectic involution lattice. For a
generic K3 surface S◦ ∈ K3L◦ with a non-symplectic involution ρ
◦ whose
invariant lattice is L◦, construct a quasi-Fano threefold Vρ◦ . One can easily
check that (Vρ, Vρ◦) is a mirror pair of quasi-Fano threefolds (See §4, [17] for
the Hodge numbers of them). It turns out that the corresponding pair of
Calabi–Yau threefolds (
ΞVρ ,ΞVρ◦
)
is the famous Borcea–Voisin mirror pair of Calabi–Yau threefolds ([7, 26]).
This fact can be explained as follows.
Choose a point p ∈ P1 such that ι(p) 6= p. Consider a degeneration of an
elliptic curve E to a normal crossing of two projective lines
Z0 := P
1 ∪p,ι(p) P
1,
made by attaching at two points p, ι(p) and denote the degeneration by
Z → B. Consider an involution ι˜ acting on Z fiberwise which induces the
involution −1∗ on an elliptic fiber and whose restriction to each component
P1 is the involution ι. Let X be the blow-up of (S × Z)/(ρ, ι˜) along the
singular locus. Then X is smooth and the induced map X → B is a degen-
eration of Calabi–Yau threefold Uρ to a Vρ ∪D Vρ, where Uρ is the blow-up
of (S × E)/(ρ,−1∗) along the singular locus. Hence we conclude that Uρ
and ΞVρ are of the same deformation type. Similarly Uρ◦ and ΞVρ◦ are of
the same deformation type. We note that (Uρ, Uρ◦) is the mirror pairs of
Calabi–Yau threefolds, constructed in [7, 26].
Remark 4.4. In Definition 4.2, we imposed theK3-mirror lattice condition,
which is much stronger than (3.7). On the other hand, in the proofs of
Proposition 4.3 and upcoming theorems, only Equation (3.7) is used instead
of fully utilizing the K3-mirror lattice condition. However we note that
every example of mirror pairs of quasi-Fano threefolds, including ones from
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non-symplectic involutions on K3 surfaces, satisfies the K3-mirror lattice
condition. We expect that the K3-mirror lattice condition will play an
important roll in showing more delicate mirror relations than Hodge numbers
relation (1.1) between mirror pairs of Calabi–Yau threefolds, constructed by
smoothing normal crossings of quasi-Fano threefolds.
5. Mirror pairs of Calabi–Yau threefolds of type II
In previous sections, we considered smoothing of normal crossing vari-
eties X ∪D X whose components are isomorphic. Now we generalize the
construction for the case that components are not isomorphic.
Since a normal crossing variety, smoothable to Calabi–Yau manifolds,
can be regarded as a member in a deformation family of those Calabi–Yau
manifolds, we call the normal crossing variety
X1 ∪X2 ∪ · · · ∪Xr
of dimension n as a d-semistable Calabi–Yau n-fold of type II if it has no
triple locus, i.e.
⋃
i<j<kXi ∩ Xj ∩ Xk = ∅. This is a generalization of a
notion for K3 surfaces ([11, 20]). The normal crossing varieties we are
considering are the simplest examples of Calabi–Yau manifolds of type II
which are composed of two quasi-Fano manifolds. Now we want to discuss
mirror pairs of such Calabi–Yau threefolds.
Consider normal crossing varieties X = X1 ∪ X2 and Y = Y1 ∪ Y2 of
quasi-Fano threefolds, smoothable to Calabi–Yau threefolds MX and MY
respectively. Suppose that (Xi, Yi) is a mirror pair of quasi-Fano threefolds
for each i = 1, 2 and MX and MY satisfy the mirror relation (1.1). Then
one can check that the following should be true:
(αX1 + αX2 − αX ) + αY = 20
and
(αY1 + αY2 − αY) + αX = 20,
where
αX = rk (PicX1(DX ) + PicX2(DX )) , αY = rk (PicY1(DY) + PicY2(DY))
with DX = X1 ∩X2, DY = Y1 ∩ Y2. Noting
αX1 + αX2 − αX = rk (PicX1(DX ) ∩ PicX2(DX ))
and
αY1 + αY2 − αY = rk (PicY1(DY) ∩ PicY2(DY)) ,
we give the following definition.
Definition 5.1. Suppose that Calabi–Yau threefolds X = X1 ∪ X2, Y =
Y1 ∪ Y2 of type II satisfy
(1) (Xi, Yi) is a mirror pair of quasi-Fano threefolds such that DX =
X1∩X2, DY = Y1∩Y2 are anticanonical sections ofXi, Yi respectively
for each i = 1, 2.
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(2) The pairs of lattices
(PicX1(DX ) + PicX2(DX ),PicY1(DY) ∩ PicY2(DY))) ,
(PicX1(DX ) ∩ PicX2(DX )),PicY1(DY ) + PicY2(DY)) ,
are K3-mirror pairs.
Then the pair (X ,Y) is called a mirror pair of Calabi–Yau threefolds of type
II.
Note that the pair (X∆ ∪D X∆, Y∆◦ ∪D Y∆◦), constructed in §2, §3, is
a mirror pair of Calabi–Yau threefolds of type II in this definition. The
following theorem also justifies Definition 5.1.
Theorem 5.2. For normal crossing varieties X = X1 ∪X2, Y = Y1 ∪ Y2,
if (X ,Y) is a mirror pair of Calabi–Yau threefolds of type II, then
h1,1(MX ) = h
1,2(MY), h
1,2(MX ) = h
1,1(MY).
Proof.
h1,1(MX ) = h
1,1(X1) + h
1,1(X2)− αX − 1
= h1,1(X1) + h
1,1(X2)− αX1 − αX2 − αY + 20− 1
= −h1,2(Y1)− h
1,2(Y2)− αY + 21
= h1,2(MY).
Similarly we can get the second equation. 
The following immediate corollary of this theorem is very useful for gen-
erating many examples of mirror pairs of Calabi–Yau threefolds of type II.
Corollary 5.3. Let X = X1 ∪X2, Y = Y1 ∪ Y2 be Calabi–Yau threefolds of
type II such that
(1) (Xi, Yi) is a mirror pair of quasi-Fano threefolds for each i = 1, 2,
(2) PicX1(DX ), PicY2(DY) are sublattices of PicX2(DX )), PicY1(DY))
respectively.
Then the pair (X ,Y) is a mirror pair of Calabi–Yau threefolds of type II.
For a fixed reflexive 3-polytope ∆, consider X∆, Y∆. From their construc-
tion, we can choose DX∆ , DY∆ so that DX∆ ≃ DY∆ (to be denoted by D∆).
Hence we can make a d- semistable normal crossing variety
Z∆ = X∆ ∪D Y∆
by gluing along D∆.
To ensure the smoothability of Z∆ to a Calabi–Yau threefold, we need to
show that it is projective, i.e. we need to find some ample divisors HX∆,HY∆
of X∆, Y∆ respectively such that HX∆|D∆ ,HY∆ |D∆ are linearly equivalent.
Note that πX : X∆ → X(Σ∆) is a blow-up along a smooth curve c ∈
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| −KX(Σ∆)| and πY : Y∆ → X(Σ∆) is a sequential blow-up along a smooth
curve c1, c2, · · · , ck such that∑
v∈∂∆∩Z3
Dv ∩DX(Σ∆) = c1 + c2 + · · · + ck.
Let ∆[0] = {v1, v2, · · · , vl} and γi = DX(Σ∆) ∩Dvi . Let {v
′
1, · · · , v
′
m} be the
set of all the integral points that lie on the relative interiors of some edges
of ∆, then
DX(Σ∆) ∩Dv′i = ǫi1 + · · ·+ ǫiai ,
where ǫi1, · · · , ǫiai are disjoint smooth rational curves and ai = l
∗(θ◦) for
v′i ∈ θ.
Then
{c1, c2, · · · , ck} = {γ1, γ2, · · · , γl, } ∪
⋃
1≤i≤m
{ǫi1, · · · , ǫiai}.
Let Ei, Fij be the exceptional divisors over γi, ǫij in the sequential blow-up
πY : Y∆ → X(Σ∆) respectively. For an ample divisor H of X(Σ∆), there
are some positive integers bi’s, dij ’s such that the divisor
H1 := Nπ
∗
Y (H)−
∑
i
biEi −
∑
i,j
dijFij
is ample on Y∆ for sufficiently large N . The point here is that we can assume
that di1 = · · · = diai (= di) since the curve ǫi1, · · · , ǫiai are all disjoint. Let
E be the exceptional divisor of the blow-up πX : X∆ → X(Σ∆). Then the
divisor
H2 := Nπ
∗
X(H)−
∑
i
(bi − 1)π
∗
X(Dvi)−
∑
i
(di − 1)π
∗
X(Dv′i)− E
is ample onX∆ for sufficiently largeN . It is trivial to check thatHX∆|D∆ ,HY∆|D∆
are linearly equivalent. So we proved that Z∆ = X∆ ∪D Y∆ is projective.
Similarly Z∆◦ = Y∆◦ ∪D X∆◦ is also d-semistable and projective.
Note that
(X∆, Y∆◦), (Y∆,X∆◦)
are mirror pairs of quasi-Fano threefolds and
PicX∆(DX∆) ⊂ PicY∆(DY∆), PicX∆◦ (DX∆◦ ) ⊂ PicY∆◦ (DY∆◦ ).
Therefore (Z∆,Z∆◦) is a mirror pair of Calabi–Yau threefolds of type II. If ∆
is self-dual, i.e. the polytopes ∆,∆◦ are equivalent, then Z∆ = Z∆◦ . So Z∆
(also MZ∆) is a self-mirror. There are 79 self-dual 3-polytopes among 4319
equivalence classes of reflexive 3-polytopes. Hence this construction gives us
2199 mirror pairs of Calabi–Yau threefolds, including 79 self-mirrors. Those
are listed in Table 2 in [22] and the following are their Hodge numbers.
h1,1(MZ∆) = h
1,2(MZ∆◦ ) = l(∆) + |∆[0]|+
∑
θ∈∆[1]
l∗(θ) +
∑
Γ∈∆[2]
l∗(Γ)− 4,
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h1,2(MZ∆) = h
1,1(MZ∆◦ ) = 23− l(∆) + l(∆
◦) +
∑
v∈∆[0]
l∗(v◦) +
∑
Γ∈∆[2]
l∗(Γ)−
∑
θ∈∆[1]
l∗(θ◦)l∗(θ).
The polytope ∆ in Example 3.2 gives rise to the pair (MZ∆ ,MZ∆◦ ) of
Calabi–Yau threefolds with
h1,1(MZ∆) = h
1,2(MZ∆◦ ) = 13, h
1,2(MZ∆) = h
1,1(MZ∆◦ ) = 37.
Note that there are some multiplicities of mirror pairs in the Batyrev
mirror construction in [5], due to the fact that desingularizations of Calabi–
Yau hypersurfaces in Gorenstein toric Fano fourfolds may not be unique.
There are similar multiplicities in the mirror construction of this paper.
In the construction of quasi-Fano threefolds X∆, Y∆ which are blow-ups
of X(Σ∆), there may be more than one choice of maximal projective trian-
gulations of ∂∆. This leads to a multiplicity of mirror pairs of quasi-Fano
threefolds. Furthermore recall that we built Y∆ by sequentially blowing up
X(Σ∆) along curves c1, c2, · · · , ck. The sequential blow-up depends on the
order of blow-ups in general and so this also gives another multiplicity of
mirror pairs. These cause the multiplicities in the construction of mirror
pairs,
(
ΞX∆,ΞY∆◦
)
,
(
MZ∆ ,MZ∆◦
)
.
6. Are they new?
It is expected that our examples in Table 1, 2 ([22]) are different from
Calabi–Yau threefolds that come as desingularizations of anticanonical sec-
tions of Gorenstein toric Fano fourfolds, which are the largest source of
known examples of Calabi–Yau threefolds. A simple way of distinguishing
our examples from them is to compare the Hodge numbers but most of their
Hodge numbers overlap. That’s probably because there are so many such
examples from toric Fano fourfolds. However one still could suspect that
the mirror pairs in this paper may overlap with those from toric fourfolds.
In this section, we pick up a particular Calabi–Yau threefold from our list
and explicitly show that this Calabi–Yau threefold is not homeomorphic to
any of those from toric fourfolds. The Calabi–Yau threefold which we pick
up is ΞX∆ , where X(Σ∆) = P
3. Its Hodge numbers are
h1,1 = 2, h1,2 = 86.
There are exactly ten different Calabi–Yau threefolds with these Hodge
numbers that are desingularizations of anticanonical sections of Gorenstein
toric Fano fourfolds ([5, 19]). Those are constructed from nine reflexive
4-polytopes — one of the polytopes gives rise to two non-homeomorphic
Calabi–Yau threefolds.
For a compact threefold M with h2(M) = 2 and the second Chern class
c2(M) that is not zero in H
4(M,Z)f , where Af = A/At for an Abelian
group A with its torsion part At, we will define a topological invariant λ as
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follows. Note that the subgroup
{l ∈ H2(M,Z)f |c2(M) · l = 0}
of H2(M,Z)f is generated by a single element m. Then the number
λ(M) := |m3|
is a topological invariant of M . Firstly we calculate λ(ΞX∆). ΞX∆ is a
smoothing of normal crossing variety X = X1 ∪X2, where
πi : Xi → X(Σ∆)
is a blow-up of X(Σ∆) = P
3 along a smooth curve c ∈ | − KP3 |S | and
D = X1 ∩X2 is the proper transform in Xi of S for i = 1, 2, where S is a
smooth quartic surface of P3. Let
Gk(X ,Z) = ker(Hk(X1,Z)⊕H
k(X2,Z)→ H
k(D,Z)),
where the map Hk(X1,Z)⊕H
k(X2,Z)→ H
k(D,Z) is given by
(l1, l2) 7→ l1|D − l2|D.
Note thatGk(X ,Z) inherits the cup product from those ofHk(X1,Z), H
k(X2,Z)
with the mixed term set to be zero (see §4, [21]). Let
h1 = (π
∗
1(H), π
∗
2(H)), h2 = (4π
∗
1(H)− E1, 0),
where H is a hyperplane section of P3 and Ei be the exceptional divisor of
the blow-up πi. Then it is easy to check that h1, h2 belong to G
2(X ,Z).
Note
{π∗1(H), 4π
∗
1(H)− E1}
is a basis for the lattice H2(X1,Z)f . By Poincare´ duality, there are classes
l1, l2 ∈ H
4(X1,Z) such that the cup product matrix of
{π∗1(H), 4π
∗
1(H)− E1} and {l1, l2}
is the 2× 2 identity matrix. Let
h′1 = (l1, 0), h
′
2 = (l2, π
∗
2(l)),
where l is the class in H2(P3,Z) that is given by a line in P3. It is not
hard to see that h′1, h
′
2 belong to G
4(X ,Z). Now the cup product matrix
of {h1, h2} and {h
′
1, h
′
2} is the 2 × 2 identity matrix, which is unimodular.
According to [21], this property guarantees that there is an isomorphism φ
from the sublattice 〈h1, h2〉 ofG
2(X ,Z) toH2(MX ,Z)f with the cup product
preserved. Let c2 = (c2(X1), c2(X2)), then c2 belongs to G
4(X ,Z) (§7, [21])
and
c2 · h = c2(MX ) · φ(h)
for any h ∈ 〈h1, h2〉. Now we can calculate λ(MX ). Note
c2 · h1 = 44, c2 · h2 = 24,
So the group
{h ∈ 〈h1, h2〉|c2 · h = 0}
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is generated by 6h1 − 11h2. Hence
λ(ΞX∆) = λ(MX ) = |(6h1 − 11h2)
3| = 4320.
Next we need to find out the λ-invariants of those ten Calabi–Yau three-
folds. Since those threefolds are hypersurfaces in toric varieties, it is a
routine job to calculate the cubic forms on the second integral cohomology
groups and the product with the second Chern class. Those calculations
are provided in a data base ([1, 2]). Using this data base, we calculate λ-
invariants of those ten Calabi–Yau threefolds in Table 1, where ‘ID #’ is
the polytope number in [2]. One can find out the vertex coordinates of the
corresponding 4-polytopes in [2] with those polytope ID #’s.
Table 1. λ-invariants of Calabi–Yau threefolds with
h1,1 = 2, h1,2 = 86
in Gorenstein toric Fano fourfolds
ID # 12 13 13 14 15 16 17 18 19 20
λ(M) 1404 108 1564 3456 17280 17946 137214 67230 258198 457050
Since all the λ-invariants are different from λ(ΞX∆) = 4320, the Calabi–
Yau threefold ΞX∆ is not homeomorphic to a desingularization of any anti-
canonical section of a Gorenstein toric Fano fourfold.
7. Higher dimensional cases
Also for higher dimensional cases, Statement 4.1 would be the correct
definition for mirror pairs of quasi-Fano manifolds but we do not have a
rigorous definition for Landau–Ginzburg models either. Hence, as we did
for three-dimensional case, we take an alternative concrete definition, taking
the mirror relation (3.4) for anticanonical sections into account.
Definition 7.1. A pair (X,Y ) of quasi-Fano manifolds of dimension higher
than three that have anticanonical Calabi–Yau fibrations
WX : X → P
1,W Y : Y → P
1,
is called a mirror pair if the pairs
(X∗, Y ), (Y ∗,X)
satisfy (3.1), (3.2) respectively and (DX ,DY ) is a mirror pair of Calabi–Yau
manifolds, where DX ,DY are generic smooth anticanonical sections of X,Y
respectively.
We also generalize Definition 5.1 for higher dimensions.
24 NAM-HOON LEE
Definition 7.2. Let X = X1∪X2, Y = Y1∪Y2 be Calabi–Yau manifolds of
type II with dimension higher than three. If (Xi, Yi) is a mirror pair of quasi-
Fano manifolds such that DX = X1 ∪ X2, DY = Y1 ∪ Y2 are anticanonical
sections of Xi, Yi respectively for each i = 1, 2. Then the pair (X ,Y) is
called a mirror pair of Calabi–Yau manifolds of type II.
We have a higher dimensional apology of Theorem 5.2 (see also Theorem
2.3, [10]).
Proposition 7.3. For normal crossing varieties X = X1 ∪X2, Y = Y1∪Y2
of dimension n, if (X ,Y) is a mirror pair of Calabi–Yau manifolds of type
II, then
χ(MX ) = (−1)
nχ(MY).
Proof. Firstly
χ(Xi) =χ(Xi
∗) + χ(DXi)
=χ(Xi
∗,W−1Xi (t)) + χ(W
−1
Xi
(t)) + χ(DXi)
=(−1)nχ(Yi) + 2χ(DXi)
and similarly we have
χ(Yi) =(−1)
nχ(Xi) + 2χ(DYi).
By (3.4),
χ(DXi) = χ(DX ) = (−1)
n−1χ(DY) = (−1)
n−1χ(DYi).
Hence we have
χ(MX ) = χ(X1) + χ(X2)− 2χ(DX )
= (−1)nχ(Y1) + (−1)
nχ(Y2) + 2χ(DX )
= (−1)nχ(Y1) + (−1)
nχ(Y2) + 2(−1)
n−1χ(DY) (∵ (3.4))
= (−1)n (χ(Y1) + χ(Y2)− 2χ(DY))
= (−1)nχ(MY).

One can try constructions of ΞX∆, ΞY∆ and MZ∆ for higher dimensional
reflexive polytope ∆. However there are some difficulties due to singularities
as follows.
(1) There may be no smooth maximal partial projective crepant desin-
gularization X(Σ∆) of P(∆) for dim ≥ 4.
(2) There may be no smooth anticanonical section ofX(Σ∆) for dim ≥ 5.
Hence we may not apply the smoothing theorem in [15] for these cases.
However one can build ΞX as a double cover of X, branched along DX∪D
′
X ,
where D′X is another anticanonical section of X, disjoint from DX . So it is
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still possible to construct ΞX∆ , ΞY∆ and these will be some singular Calabi–
Yau varieties, which are expected to satisfy the properties similar to those
in Theorem 3.1. In the case of Z∆, which may not be a normal crossing
variety anymore, one needs to generalize the smoothing theorem so that
some mild singularities may be allowed. It seems natural to allow some mild
singularities when one considers higher dimensional quasi-Fano manifolds.
8. ‘Rigid’ quasi-Fano manifolds
In this paper, we have considered a special kind of varieties — quasi-Fano
manifolds with anticanonical fibrations and defined notions of mirror pairs
of them. Noting that they are of negative Kodaira dimension and have
additional fibration structure, their classifications seem reachable at least
for the three-dimensional case with very low or very high αX .
There are Calabi–Yau threefolds that do not have Calabi–Yau threefolds
as their mirror partners such as rigid ones (h1,2 = 0). Hence it would
be worthwhile to ask if quasi-Fano manifolds with anticanonical fibrations
always come as mirror pairs. For three-dimensional case, if (X,Y ) is a mirror
pair of quasi-Fano threefolds with anticanonical fibrations, then we should
have αX + αY = 20. So if αX has its maximal value, 20, then αY needs
to be zero, which is impossible because Y has an ample divisor. Hence
if αX = 20, X does not have a quasi-Fano threefold with anticanonical
fibration as its mirror partner — in this case, X could be called ‘rigid’
quasi-Fano threefold. Such examples can be made easily. For example, take
an exceptional ( rkPic = 20) quartic K3 surface D on P3 that has smooth
curves c1, c2, · · · , ck such that
• c1 + c2 + · · ·+ ck belongs to the linear system | −K
3
P|D|,
• c1, c2 · · · , ck generate H
2(D,Q).
An example of such D is the Fermat quartic. Blow up sequentially P3 along
c1, c2, · · · , ck to get a quasi-Fano threefold X. Then αX = 20 and so X is a
‘rigid’ quasi-Fano threefold which does not have a quasi-Fano threefold with
anticanonical fibration as its mirror partner.
In the case of dimension n > 3, there are also ‘rigid’ quasi-Fano manifolds
whose generic anticanonical sections are rigid Calabi–Yau manifolds. Take
a rigid Calabi–Yau manifold D of dimension n − 1 with non-Gorenstein
involution ρ on it, where we call an involution ρ non-Gorenstein if ρ∗(ω) =
−ω for each ω ∈ Hn−1,0(D). We assume further that the fixed locus of
ρ is a manifold of dimension n − 2. Let X be the blow-up of the quotient
(D×P1)/(ρ, τ) along the singular locus, where τ is an involution of P1, fixing
two distinct points. Then X is a quasi-Fano manifold whose anticanonical
section DX is isomorphic to D, which is a rigid Calabi–Yau manifold. Hence
in the view of Definition 7.1, X does not have a quasi-Fano manifold with
anticanonical fibration as its mirror partner. For n = 4, an easy example of
such a Calabi–Yau threefold D is the one that was introduced by Beauville
in [6].
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Besides those ‘rigid’ quasi-Fano manifolds, there are ‘non-rigid’ quasi-
Fano threefolds that do not have quasi-Fano threefolds as its mirrors. Con-
sider a quasi-Fano threefold X such that the lattice
L⊥ ∩H2(DX ,Z)
does not contain a hyperbolic lattice, where L = PicX(DX). Then L does
not have a K3-mirror lattice. So X cannot have a quasi-Fano threefold as
its mirror. Some concrete examples can be obtained from non-symplectic
involutions on K3 surfaces. Choose a non-symplectic involution ρ on a K3
surface whose invariant lattice does not a K3-mirror lattice, then the quasi-
Fano threefold Vρ introduced in Section 4 has no quasi-Fano threefolds as
its mirror. According to the classification in [23], there are 11 families of
such involutions and the resulted quasi-Fano threefold Vρ satisfies
11 ≤ αVρ ≤ 19.
In sum, there are ‘non-rigid’ quasi-Fano threefolds that do not have quasi-
Fano threefolds as its mirrors.
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